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orre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Abstrat
Quantum power orretions to the gravitational spin-orbit and spin-spin interations,
as well as to the Lense-Thirring effet, were found for partiles of spin 1/2. These orre-
tions arise from diagrams of seond order in Newton gravitational onstant G with two
massless partiles in the unitary ut in the t-hannel. The orretions obtained differ from
the previous alulation of the orretions to spin effets for rotating ompound bodies
with spinless onstituents.
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1 Introdution
It is ommon knowledge that the sattering amplitude M = 〈1(p1 − q), 2(p2 + q)|1(p1), 2(p2)〉
of two gravitating bodies ontains terms logarithmi in the momentum transfer log |q2| in the
q2 → 0 limit. The terms arise from diagrams with two massless partiles in the unitary ut
in the t-hannel. In the nonrelativisti limit these terms generate quantum power orretions
to the lassial Hamiltonian [8℄. Thus quantum orretions to the Newton potential take the
form [1-20℄
U = − 41
10π
G2~m1m2
c3r3
− 4
15π
G2~m1m2
c3r3
− Nν
15π
G2~m1m2
c3r3
. (1)
The first term in the expression (1) orresponds to the ontribution of gravitons, the seond
term orresponds to the ontribution of photons and the last one is the ontribution of neutrinos,
where Nν is the number of massless two-omponent neutrinos (we put c = 1, ~ = 1 below).
In the ase of interation of salar partiles, all ontributions logarithmi in q2 an be
separated into two parts. The first one is the ontributions in whih the oeffiient before
log |q2| is a funtion of s = (p1 + p2)2 with uts in the omplex plane. These ontributions
an be generated by "box" diagrams only (see Figs. 5 , d) that have unitary ut in the s-
or u-hannel. These ontributions, alled in [17℄ irreduible, an be alulated by the double
dispersion relation in variables s and t = q2. The distintive harateristi of the ontributions is
that they are infrared divergent (see expression (70)) and, orrespondingly, ontain logarithms
where q2 plays a role of an ultraviolet utoff log |q2| /λ2. The seond part is the ontributions
that are entire rational funtions of s. They arise from the diagrams that have no unitary ut in
the s- or u-hannel and also from the reduible part of the "box" diagrams. These ontributions
ontain logarithms with the transfer momentum as an infrared utoff, for example, logarithms
that ontain ultraviolet utoff log Λ2/ |q2| or the masses of the interating partiles logm2i / |q2|.
As shown in [20℄, the seond part of the amplitude an be represented as a matrix element of
an effetive nonloal operator of interation of two energy-momentum tensors (i.e., an effetive
graviton exhange) in the q2 → 0 limit (but for arbitrary s):
Lˆ0 =
√−g G2 log ∣∣q2∣∣(23
5
TµνT
µν − 31
30
T 2
)
= log
∣∣q2∣∣ √−g
(8π)2
(
23
5
RµνR
µν − 31
30
R2
)
, (2)
where Tµν , Rµν are the energy-momentum tensor of the matter and the Rii tensor, respe-
tively. The main feature of the operator is that all desriptions of the interating partiles ap-
pear only in the form of a produt of the energy-momentum tensors, whereas the "propagator"
of the effetive graviton is independent of the type of interating partiles
2
. In ontrast with
the operator (2), the irreduible ontributions of the diagrams 5 , d ontain nonmultipliative
dependane on momenta and masses of the partiles and annot be represented as operators
like (2).
On the basis of this operator, power quantum orretions to the Shwarzshild metri were
alulated in [20℄. Corretions to the interations dependent on internal angular momentum
(spin) of a ompound body were also onsidered. There are three ways to alulate these
orretions: first of all, it is possible to alulate quantum orretions to the Kerr metri for ro-
tating ompound body and to use ovariant spin equation of motion in an external gravitational
field [21℄ as performed in [20℄; the seond way is to integrate veloity dependent interations,
2
Reall that here we are dealing with salar partiles only.
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also alulated in [20℄, over the volumes of the interating bodies; the last one is to put spin
dependent energy-momentum tensor to the operator (2) expliitly.
The purpose of this work is to alulate power quantum orretions to the spin-dependent
interations for partiles of spin 1/2. It was shown in an elementary way [20℄ that spin-
averaged ontributions ontaining q2 as an infrared utoff are exatly the same as (2). The
irreduible parts of the diagrams 5 , d averaged over spins oinide with the salar ones sine
the logarithm of the infrared utoff log λ is anelled by radiation of long-wave gravitons whih
is spin-independent. However, it was notied that the spin effets for rotating ompound bodies
with salar onstituents an differ from the ones for partiles of spin 1/2. The reason is that,
apart from the operator (2), the leading ontribution to the spin effets an be generated by
operators of higher order in q/m. For example, first order in q/m operators have the form:
Oˆ1 =
√−g log ∣∣q2∣∣ G
16π
Rµναβ;µ t
α
(a)t
β
(b)
[∑
i
1
4mi
ψ¯i
(
−i←−D νΣab + Σabi−→D ν
)
ψi
]
=
√−g log ∣∣q2∣∣ G
16π
(Rνβ;α − Rνα;β) tα(a)tβ(b)
[∑
i
1
4mi
ψ¯i
(
−i←−D νΣab + Σabi−→D ν
)
ψi
]
,(3)
Oˆ2 =
√−g log ∣∣q2∣∣ G2
2
(T νβ;α − T να;β) tα(a)tβ(b)
[∑
i
1
4mi
ψ¯i
(
−i←−D νΣab + Σabi−→D ν
)
ψi
]
, (4)
where left-hand-side and right-hand-side derivatives are defined as
−→
Dα =
−→
∂ α − i
2
Σabγabc t
(c)
α ,
←−
Dα =
←−
∂ α +
i
2
Σabγabc t
(c)
α . (5)
Here Σab = i
2
σab are the Lorentz group generators, γabc are the Rii rotation oeffiients, t
µ
(a)
is a tetrad of basis vetors that are speified by relation tµ(a)tµ(b) = ηab, where ηab is the metri
tensor of flat spae-time. Taking into aount Einstein and Dira equations in an external
gravitational field
Rµν = 8πG
(
Tµν − 1
2
gµνT
)
,
(
itνbγ
b−→D ν −m
)
ψ = 0 , (6)
note that the differene of the operators Oˆ1 and Oˆ2 is an operator of seond order in q/m
Oˆ1 − Oˆ2 =
√−g log ∣∣q2∣∣ G2
16
T
(∑
i

m2i
Ti
)
+ total derivative
and makes zero ontribution to the spin-dependent interations.
Besides, ontributions to the spin-spin interations an be generated by operators of the
seond order in q/m:
Oˆ3 =
√−g log ∣∣q2∣∣ Dµ (tµ(a) ψ¯2γ5γaψ2) Dν (tν(b) ψ¯1γ5γbψ1) , (7)
Oˆ4 =
√−g log ∣∣q2∣∣ Dµ (tν(a) ψ¯2γ5γaψ2) Dµ (tν(b) ψ¯1γ5γbψ1) . (8)
The plan of this paper is as follows: in Setion 2 we desribe useful Feynman rules with
effetive verties introdued in [20℄ and also list possible types of spin-dependent amplitudes
2
with arbitrary oeffiients (form fators). The expliit expressions for all the form fators in
the t → 0 limit are presented in Setion 3. Results and onlusions are given in Setions 4
and 5.
2 Effetive verties
Figure 1. Verties Figure 2. Compton sattering amplitude
The single-graviton vertex for a spinor partile is (see Fig. 1 a)
V (1/2)µν = −
iκ
4
ψ¯(p′)
{
Iµν, αβ P
αγβ − ηµν
(
Pˆ − 2m
)}
ψ(p), (9)
here κ =
√
32πG, P = p + p′, Iµν
αβ =
1
2
(
δαµδ
β
ν + δ
β
µδ
α
ν
)
is a sort of a unit operator with the
property
Iµν
αβtαβ = tµν
for any symmetri tensor tαβ . The last term in braes, expression (9), proportional to the
Minkowski metri tensor ηµν vanishes on-mass-shell. It is onvenient to exlude suh terms
from the diagrams of Compton sattering amplitude ontaining a pole in the s- or u-hannel
(see Fig. 2). This term anels fermion propagator and generates an additional ontribution
to the ontat interation of a mass-shell fermion with two gravitons (see Fig. 1 b). On
rearrangement, the double graviton vertex has a form:
V
(1/2)
κλ, ρσ = i
3
4
κ2Iκλ,αδ Iβ
δ
,ρσT
αβ
(1/2), (10)
where T
(1/2)
αβ is the energy-momentum tensor of the fermion field
T (1/2)µν =
1
2
Iµν, αβ P
αu¯(p′)γβψ(p). (11)
For further Feynman rules the reader is referred to the papers [18℄, [20℄.
The rest of the pole diagrams (Fig.2) is proportional to the Compton sattering amplitude
in quantum eletrodynamis. For example, onsider diagram shown in Fig. 2 a
Mαβ, γδ =
i κ2
16(l2 −m2) Iγδ, ρσ Iαβ, φω (p
′ + l)ρ (p+ l)φ
[
u¯ (p′) γσ (lˆ +m) γω u(p)
]
. (12)
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It is useful to deompose the amplitude of sattering of photon by an eletron into indepen-
dent spin strutures:
MσωQED = u¯ (p
′) γσ (lˆ +m) γω u(p)
=
1
2
[
(P −K)σδωρ + (P −K)ωδσρ − qσδωρ + δσρ qω +Kρ ησω
]
Jρ +
i
2
ǫσωληKλSη, (13)
here P = 2p − q, K = 2k − q, and Jµ, Sµ are the vetor urrent and spin four-vetor (axial
urrent), respetively:
Jµ = u¯ (p′) γµ u(p) , Sµ = u¯ (p′) γ5 γ
µ u(p) , γ5 =
(
0 −1
−1 0
)
. (14)
Diagram shown in Fig. 2 b an be onsidered in a similar manner. Vetor urrent Jµ an be
also deomposed into a onvetive part and a part ontaining spin expliitly:
(
1− q
2
4m2
)
Jµ =
P µ
2m
u¯(p′)u(p) +
i
4m2
ǫµγαδqγPαSδ. (15)
Therefore, all verties and lines an be deomposed into two struture inluding bispinor am-
plitudes of a fermion, namely, u¯(p′)u(p) and Sµ. Thus, matrix element of the fermion-fermion
sattering an be separated into three groups. The first one does not inlude S1,2µ expliitly:
MN(q) = FN(s)G2m1m2 (u¯1u1) (u¯2u2) log
∣∣q2∣∣ , (16)
the seond one ontains the terms whih are proportional to the first power of S1,2µ :
MSO(q) = iFSO(s)G2 ǫαβ γ δ qα P β1 P γ2
(
Sδ2
m2
(u¯1u1) +
Sδ1
m1
(u¯2u2)
)
log
∣∣q2∣∣ , (17)
and the last part ontains terms quadrati in spin:
MSS = G2
(
F (1)SS (s) (q · S1) (q · S2) + F (2)SS (s) t (S1 · S2)
)
log
∣∣q2∣∣ . (18)
In the first Born approximation orretions to a potential are given by a Fourier transform
of nonrelativisti amplitude
U(r) =
∫
d3q
(2π)3
A(q) e−iq·r = −
∫
d3q
(2π)3
e−iq·r lim
s→(m1+m2)2
lim
t→0
M∏
i
√
2Ei
. (19)
Sine we are interested in amplitudes in the t→ 0 limit, the form fators Fi are the funtions
of the variable s. It is onvenient to introdue a new variable
γ˜ = (s−m21 −m22)/(2m1m2) (20)
whih orresponds to the γ-fator of one of the interating partiles in the limit when the mass
of the other goes to infinity.
4
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Figure 3. Graviton-graviton interation Figure 4. Graviton-fermion interation
3 Matrix elements
We start the disussion of loops with the graviton-graviton interation shown in Fig. 3. It is
easy to alulate this ontribution using the effetive operator derived in [7℄
Lgg = − log
∣∣q2∣∣ √−g
(8π)2
(
21
15
RµνRµν +
1
30
R2
)
. (21)
By substituting the Rii tensor from the Einstein equations (6) one gets the following matrix
elements:
FN(γ˜) = − 1
15
(
42γ˜2 + 1
)
, FSO(γ˜) = − 7
20
γ˜ , (22)
F (1)SS (γ˜) = −F (2)SS (γ˜) =
7
20
(
1− 2γ˜2) . (23)
Diagrams ontaining the graviton-fermion interation (see Fig. 4) make the following on-
tribution to the matrix elements:
FN(γ˜) = 2
(
6γ˜2 + 1
)
, FSO(γ˜) = γ˜
2
, F (1)SS (γ˜) = −F (2)SS (γ˜) =
1
2
(
1− 2γ˜2) . (24)
These orretions oinide with the orresponding form fator orretions alulated in [19℄.
By analogy with (21) the ontribution of the diagrams inluding graviton-fermion interation
(Fig. 4) an be represented as an effetive operator:
Lgf =
√−g log ∣∣q2∣∣ G
4π
(3RµνTµν − 2RT )− 8 Oˆ1 , (25)
where the operator Oˆ1 is defined by (3).
The rest of the diagrams (Fig. 5) orresponds to the fermion-fermion interation. The sum
of the diagrams Figs. 5 a, b makes the following ontribution to the matrix elements:
FN(γ˜) = −3
(
5γ˜2 − 1) , FSO(γ˜) = −15
16
γ˜, F (1)SS (γ˜) = −F (2)SS (γ˜) = 0. (26)
The sum of these diagrams does not ontribute to the spin-spin interation. The orresponding
effetive operator is
5
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Figure 5. Fermion-fermion interation
L(ab)ff = −
√−g log ∣∣q2∣∣ G2(15
2
T µνTµν − 3
2
T 2
)
+
15
2
Oˆ2 , (27)
where the operator Oˆ2 is defined by (4).
There are a number of points to be made before onsidering the ontribution of the diagrams
Figs. 5 , d. As stated above, the analysis of these diagrams is ompliated by the presene
of infrared divergenies. Aside from the integrals (63)-(69) ontaining q2 as an infrared utoff,
there are ontributions generated by integrals (70), (72) ontaining q2 as an ultraviolet utoff.
There is a unitary ut in the s- or u- hannel in the last-mentioned integrals, and onsequently,
there is a nonpolynomial dependene on s. We present the results for the reduible and irre-
duible parts for eah type of the matrix elements separately. However, as we shall see later,
the reduible part also ontains a nonpolynomial dependene on s. The reason is a singularity
in the ∆ → 0 limit in vetor and tensor integrals of the K(s)µ type (see expression (76) in
Appendix) where
∆ =
1
4s
(
(P1P2)
2 − P 21P 22
)
, P1 = p1 + p
′
1, P2 = p2 + p
′
2 . (28)
In the enter of mass frame the variable ∆ takes the form:
∆ = 4|~p |2 cos2 θ/2. (29)
Terms proportional to log(sin θ/2)/(cos2 θ/2) are typial for the diagrams of the sort of Figs. 5 , d.
For example, they our in the alulation of the polarization vetor when an eletron is sat-
tered by the Coulomb field in the seond Born approximation. Terms proportional to 1/∆
anel in the spin independent part of the matrix elements (16) in the reduible and irreduible
parts independently. However, in the spin dependent terms (17), (18) 1/∆ anels only in the
sum of the irreduible and reduible parts in the nonrelativisti limit.
Taking into aount all mentioned above, we write out the matrix elements for the diagrams
5 , d. The reduible parts are
FN(γ˜) = −7 + 15 γ˜2 , FSO(γ˜) = 47
16
γ˜ +
7
8
γ˜
γ˜2 − 1 , (30)
F (1)SS (γ˜) = −4(1 − 2 γ˜2) +
31
12
+
1
2
1
γ˜2 − 1 , F
(2)
SS (γ˜) = 4(1− 2 γ˜2)−
77
24
− 1
2
1
γ˜2 − 1 . (31)
Sine in the expressions (30), (31) we take the limit t → 0, the singularity 1/∆ turns to the
singularity 1/(γ˜2 − 1). Terms not proportional to 1/(γ˜2 − 1) an be again represented in the
form of an effetive operator
6
L(cd)ff =
√−g log ∣∣q2∣∣ G2(15
2
T µνTµν − 7
2
T 2
)
+
17
2
Oˆ2 +
31
12
Oˆ3 − 77
24
Oˆ4 . (32)
The irreduible parts are
FN(γ˜) = −16 γ˜ (2γ˜2 − 1)WA(γ˜) + 2
3
(1− 2γ˜2)2WS(γ˜) , (33)
FSO(γ˜) = −
(
4γ˜2 +
1
2
+
7
8
1
γ˜2 − 1
)
WA(γ˜) + γ˜
6
(
2γ˜2 − 1)WS(γ˜) , (34)
F (1)SS (γ˜) =
(
2γ˜ − 8γ˜3 − 1
2
γ˜
γ˜2 − 1
)
WA(γ˜) + 1
6
(
1− 2γ˜2)2WS(γ˜) , (35)
F (2)SS (γ˜) =
(
−2γ˜ + 8γ˜3 + 1
2
γ˜
γ˜2 − 1
)
WA(γ˜) +
(
−1
6
(
2γ˜2 − 1)2 + 1
12
)
WS(γ˜) , (36)
where funtionsWS(γ˜), WA(γ˜) are defined in Appendix by Eqs. (74), (75). As noted above, the
terms singular in the γ˜ → 1 limit anel in the sum of the reduible (30), (31) and irreduible
(34)-(36) parts
FSO(1) = −13
16
, F (1)SS (1) =
7
12
, F (2)SS (1) = −
9
8
. (37)
4 Quantum orretions to spin effets
Summing up all the ontributions we get the following sattering amplitudes. The terms not
ontaining S1,2µ expliitly are
AN(q) = 41
5
G2m1m2
(u¯1u1)
2m1
(u¯2u2)
2m2
log
∣∣q2∣∣ . (38)
The terms proportional to the first power of S1,2µ are
ASO(q) = 8
5
i G2 ǫαβ γ δ q
α P β1 P
γ
2
(
Sδ2
2m22
(u¯1u1)
2m1
+
Sδ1
2m21
(u¯2u2)
2m2
)
log
∣∣q2∣∣ . (39)
At last, the part ontaining terms quadrati in spins is
ASS = G
2
4m1m2
(
4
15
(q · S1) (q · S2) + 11
40
t (S1 · S2)
)
log
∣∣q2∣∣ . (40)
Using the nonrelativisti expansions of the bispinor amplitudes of the sattering partiles
1
2m1,2
u¯(p1,2 ∓ q) u(p1,2) = 1± i
2m21,2
ǫijkq
ip
j
1,2s
k
1,2 + . . . (41)
1
2m1,2
Sδ1,2 =
1
2m1,2
u¯(p1,2 ∓ q)γ5γδu¯(p1,2) ≈ (0, 2s1,2) (42)
i
2m21,2
ǫαβ γ δ q
α P β1 P
γ
2 S
δ
1,2 = ±8i ǫn km qnpk2,1sm1,2 ∓ 8i
m2,1
m1,2
ǫnkm q
npk1,2s
m
1,2, (43)
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yields the amplitudes in the momentum spae:
AN(q) = 41
5
G2m1m2 logq
2
(44)
ASO(q) = 87
10
G2
(
− i m2
m1
ǫijkq
ip
j
1s
k
1 + i
m1
m2
ǫijkq
ip
j
2s
k
2
)
logq2 , (45)
+
64
5
G2
(
i ǫn km q
npk2s
m
1 − i ǫnkm qnpk1sm2
)
log q2 , (46)
ASS(q) = G2
(
16
15
(q · s1) (q · s2) + 11
10
q2(s1 · s2)
)
log q2 . (47)
With the expressions (62) from Appendix we obtain the orretions in the oordinate spae.
First of all, aording to [18℄, [20℄, the power quantum orretion to the Newton law is the
same as for salar partiles (1)
UN = −41
10
~G2m1m2
c3πr3
. (48)
The quantum orretion to the gravitational spin-orbit interation is
USO =
261
20
~G2
c5πr5
(
m2
m1
s1 +
m1
m2
s2
)
· l , (49)
li = ǫijk (r1 − r2)j pk , (50)
where p = p1 = −p2 is the relative momentum.
The quantum orretion to the Lense-Thirring effet is
ULT =
96
5
~G2
c5πr5
(s1 + s2) · l . (51)
The quantum orretion to the interation of the two internal angular momenta si, i.e., to
the gravitational spin-spin interation is
USS =
~G2
c5πr5
(
8 (n · s1) (n · s2) + 5
2
(s1 · s2)
)
. (52)
5 Disussion and onlusions
Hene, as expeted, the quantum orretions to the lassial Hamiltonian (49), (51), (52) for a
spinor partile differ from the full sum of the similar orretions obtained in [20℄ for a rotating
ompound body with salar onstituents.
This differene is assoiated with the irreduible part as well as with the reduible one that
an be represented in the form of an effetive operator (see (2), (21), (25), (27), (32))
L = L0 − 8Oˆ1 + 16Oˆ2 + 31
12
Oˆ3 − 77
24
Oˆ4 , (53)
where the new operators Oˆi take part.
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Following are several points onerning the operator (53). As demonstrated in [20℄, after
averaging over the spins, the Compton amplitude of fermion-graviton sattering and the salar-
graviton one oinide with the required auray. In partiular, it means that the effets linear
in spin (see expressions (49), (51)) for fermion-fermion and fermion-salar sattering are the
same. However, we see that the analysis is ompliated by the singularity 1/∆. Therefore,
it is not unreasonable to make sure that the separation into the reduible and the irreduible
parts is the same as in Eqs.(27), (30), (32), (33) for the ase of fermion sattering by a salar
partile (evidently, there is only a ontribution of one of the partiles under the summation
sign in the operators (32), (33) in this ase). We use the effetive verties derived in [20℄ for
salar partiles. The diagrams Figs. 5 a, b make the following ontribution to the spin effets:
FN(γ˜) = 5− 16γ˜2, FSO(γ˜) = −3
4
γ˜ . (54)
The reduible part of the diagrams Figs. 5 , d yields
FN (γ˜) = −9 + 16 γ˜2, FSO (γ˜) = 11
4
γ˜ +
7
8
γ˜
γ˜2 − 1 . (55)
Note that the sum of (54) and (55) agree with the sum of orresponding expressions (26) and
(30). The irreduible part is also equal to (34). Therefore the singularities 1/(γ˜2− 1) anel in
the same way as in the ase of fermion-fermion sattering.
Thus, the effetive operator (53) is universal for sattering of salar partiles and partiles
of spin 1/2.
Being interested in the quantum orretions to spin effets at the leading order in 1/c (where
c is the speed of light), we onsidered only the matrix elements like (16)-(18). Formally, it is
possible to onsider one more matrix element at the same order in q/mi
M(s, t) = F(s, t) t (P1S2)
m2
(P2S1)
m1
, (56)
that however does not ontribute to the spin effets at the leading order in 1/c. Nevertheless, it
is possible to make sure that the ontribution of the diagrams Figs. 3, 4, 5 a, b and the reduible
part of the diagram Figs. 5 , d to the the form fator F(s, t) an also be desribed by the
operator (53). This fat is trivial for the diagrams presented in Fig. 3 sine their ontribution
originally ontains the energy-momentum tensors of interating partiles. Contribution of the
diagrams Fig. 4 is
F(γ˜) = − γ˜
4
, (57)
that orresponds to the ontribution of the operator (25). The diagrams Figs. 5 a, b yield
F(γ˜) = 0 , (58)
that is also equal to the ontribution of the orresponding operator (27). The reduible ontri-
bution of the diagrams Figs.(5), d is
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Fred(γ˜) = 2γ˜ − 33γ˜
16 (1− γ˜2) +
γ˜
4(1− γ˜2)2 . (59)
Note that the terms not ontaining 1/(1 − γ˜2) also orrespond to the ontribution of the
operator (32). Hene, the operator (53) desribes all the ontributions to the matrix element
(56) orretly. Terms in the expression (59) singular in the γ˜ → 1 limit anel with the
irreduible part of the diagrams Figs. 5, d in the same manner as for the matrix elements (17),
(18):
Firred(γ˜) =
(
γ˜3
6
+
γ˜
48 (1− γ˜2)
)
WS +
(
−2(1 + γ˜2) + 9
4(1− γ˜2) −
1
4(1− γ˜2)2
)
WA , (60)
lim
γ˜→1
(Fred(γ˜) + Firred(γ˜)) = −19
40
. (61)
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Appendix
To alulate the orretion to spin-dependent interations, it is needed to onsider the following
Fourier transforms:
∫
logq2e−iq·r
d3q
(2π)3
= − 1
2πr3
,
∫ (
qiqj log q
2
)
e−iq·r
d3q
(2π)3
=
3
2πr5
(5 ni nj − δij) ,∫ (−iqi logq2) e−iq·r d3q
(2π)3
=
3
2π
ri
r5
,
∫ (
q2 log q2
)
e−iq·r
d3q
(2π)3
=
3
πr5
. (62)
Aording to the hoie 〈1(p1 − q), 2(p2 + q)|1(p1), 2(p2)〉 of kinematis and the sign in the
exponent of the Fourier transforms, the vetor r is direted from the seond body to the first
one, i.e., r = r1 − r2.
Logarithmi parts of the integrals ourring are given below, using the notation L =
− i
(4pi)2
log |q2| :
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I =
∫
dDk
(2π)D
1
k2(k − q)2 = L+ . . . (63)
Iµ =
∫
dDk
(2π)D
kµ
k2(k − q)2 =
qµ
2
L+ . . . (64)
Iµν =
∫
dDk
(2π)D
kµkν
k2(k − q)2 =
1
3
(
qµqν − q
2
4
δµν
)
L+ . . . (65)
J =
∫
dDk
(2π)D
1
k2(k − q)2 ((p− k)2 −m2) =
L
2m2
+ . . . (66)
Jµ =
∫
dDk
(2π)D
kµ
k2(k − q)2 ((p− k)2 −m2) = −
pµ − qµ
2m2
L+ . . . (67)
Jµν =
∫
dDk
(2π)D
kµkν
k2(k − q)2 ((p− k)2 −m2) = (68)
L
4m2
{
q2
m2
pµpν − (pµqν + pνqµ) + 2qµqν − q
2
2
gµν
}
+ . . . (69)
For the diagrams Fig. 5 , d to be alulated, it is neessary to onsider integrals with four
Feynman propagators with the infrared divergeny regularized by the "mass" of graviton λ.
The imaginary part of the diagram Fig.5  will be omitted beause it does not ontribute to
the potential of the two-body interation. It orresponds to the seond Born approximation.
The real part of the integral for the diagram Fig.5  is
K(s) =
∫
dDk
(2π)D
1
(k2 + i0) ((q − k)2 + i0) ((p1 − k)2 −m21 + i0) ((p2 + k)2 −m22 + i0)
= − i
(4π)2
1
m1m2 t
log
∣∣∣∣ tλ2
∣∣∣∣ 2 m1m2√(s−m2+) (s−m2−) log
√
s−m2
−
−√s−m2+√
s−m2
−
+
√
s−m2+
+ . . .
= − i
(4π)2
1
m1m2 t
log
∣∣∣∣ tλ2
∣∣∣∣ Ks(s) + . . . , (70)
where notations m+ = m1 + m2, m− = m1 − m2 were introdued, and dependene on the
variable s denoted as the funtion Ks(s). To simplify expressions it is onvenient to introdue
a new variable γ˜ = (s−m21 −m22)/(2m1m2).
Ks(s) = 1√
γ˜2 − 1 log
(
γ˜ −
√
γ˜2 − 1
)
. (71)
In the diagram Fig.5 d the same integral an be derived by analyti ontinuation of all the
expressions from the s- to the u-hannel (t = q2, u = 2m21 + 2m
2
2 − s− t):
Ku(u) = −Ks(2m21 + 2m22 − s− t) =
2 m1m2√
(m2+ − u) (m2− − u)
log
√
m2+ − u+
√
m2
−
− u√
m2+ − u−
√
m2
−
− u . (72)
In the limit when the momentum transfer qµ goes to zero the funtion Ku(u) an be expressed
as a funtion of Ks(s) up to terms linear in t:
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Ku(u) ≈ −Ks(s) + t
2m1m2
γ˜ Ks(s) + 1
γ˜2 − 1 . (73)
In the ourse of the alulation, it is onvenient to express amplitudes as a half-sum and
half-differene of the funtions Ks(s) and Ku(u):
WS(γ˜) = − lim
t→0
6m1m2
t
1
2
(Ks(s) +Ku(u)) = −3 γ˜ Ks(s) + 1
γ˜2 − 1 (74)
WA(γ˜) = lim
t→0
1
2
(Ku(u)−Ks(s)) = −Ks(s) , (75)
the funtions WS(γ˜), WS(γ˜) are normalized to unity in the nonrelativisti limit, i.e., WS(1) =
WA(1) = 1.
Vetor and tensor integrals with four propagators are onsidered with respet to the relations
already obtained (63)-(70), (72). As an example, onsider an integral (P1 = 2p1 − q, P2 =
2p2 + q):
K(s)µ =
∫
dDk
(2π)D
kµ
(k2 − λ2)((k − q)2 − λ2)(k2 − 2p1k)(k2 + 2p2k) =
= AP1µ +BP2µ + Cqµ . (76)
(77)
Using the following relations for the logarithmi parts, we obtain the oeffiients A, B, C:
qµK(s)µ =
q2
2
K(s) (78)
P µ1 K
(s)
µ = −J2 −
q2
2
K(s) (79)
P µ2 K
(s)
µ = J1 +
q2
2
K(s), (80)
here J1 and J2 are the integrals (66) with the propagators of the first and the seond partiles,
respetively;
A =
4s
∆
[(
J1 +
q2
2
K(s)
)
(P1P2) +
(
J2 +
q2
2
K(s)
)
P 22
]
(81)
B = −4s
∆
[(
J2 +
q2
2
K(s)
)
(P1P2) +
(
J1 +
q2
2
K(s)
)
P 21
]
(82)
C =
1
2
K(s) , (83)
where we introdue the following notation
∆ =
1
4s
(
(P1P2)
2 − P 21P 22
)
s = (p1 + p2)
2 . (84)
Tensor integrals an be onsidered in the same way.
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